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We investigate the Einstein static universe (ESU) and the emergent universe scenario in the
framework of Horˇava-Lifshitz-like F (R) gravity. We first perform a dynamical analysis in the phase
space, and amongst others we show that a spatially open universe filled with matter satisfying the
strong energy condition can exhibit a stable static phase. Additionally, we examine the behavior
of the scenario under scalar perturbations and extract the conditions under which it is free of
perturbative instabilities, showing that the obtained background ESU solutions are free of such
instabilities. However, in order for the Einstein static universe to give rise to the emergent universe
scenario we need to have an exotic matter sector that can lead the universe to depart from the stable
static state and enter into its usual expanding thermal history.
PACS numbers: 04.50.Kd, 98.80.-k, 98.80.Bp
I. INTRODUCTION
According to the scenario of old Big-Bang cosmol-
ogy based on the theory of general relativity (GR),
our universe has begun from a finite past includ-
ing an initial singularity, which is widely consid-
ered as a conceptual disadvantage. Furthermore,
since standard Big-Bang cosmology was incapable of
solving the horizon, flatness and magnetic monopole
problems at early universe the inflation mechanism
was introduced [1]. Finally, in order to describe
the late-time acceleration a small positive cosmo-
logical constant was added, giving rise to the Stan-
dard Model of the Universe, namely ΛCDM cosmol-
ogy. However, despite the remarkable achievements
of this paradigm, its physical content, concerning
both early and late-time accelerating phases, is still
ambiguous, and moreover amongst others one still
faces the “initial singularity problem”.
Concerning the initial singularity problem, one
could try to confront it through the “emergent uni-
verse” scenario [2]. In particular, in such a scenario
the universe is originated from a static state, known
as “Einstein static universe” (ESU), and then it en-
tered the inflationary phase, without ever passing
through the Big-Bang singularity. However, remain-
ing in the GR framework, and despite fine-tuning,
perturbation analysis shows that the initial singu-
larity cannot be completely removed. Indeed, ESU
is severely influenced by the initial conditions such
as perturbations which are prevailed in the Ultra-
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Violet (UV) limit, and it is indeed unstable against
classical perturbations which eventually make it col-
lapse towards a singularity [3].
In order to alleviate the above problems, alterna-
tive cosmological models have been developed. A
first direction is to introduce new, exotic, forms of
matter, which in the framework of general relativity
could provide an explanation of the observed uni-
verse behavior [4, 5]. A second direction is to mod-
ify the gravitational sector, obtaining a theory that
still possess GR as a particular limit, but still being
able to describe the universe at large scales through
the extra gravitational degrees of freedom [6, 7]. In-
deed, in modified gravity, amongst others one can
cure the emergent universe scenario, by making sta-
ble Einstein static universe. Hence, a large amount
of activity was devoted to the study of the stabil-
ity of the Einstein static universe in various gravita-
tional modifications, such as Einstein-Cartan theory
[8], Lyra geometry [9], non-constant pressure models
[10], f(R) gravity [11], f(T ) gravity [12], loop quan-
tum cosmology [13], massive gravity [14] and doubly
general relativity [15], induced matter theory [16],
braneworld models [17], etc.
One interesting gravitational modification, pro-
posed by Horˇava, is the so-called Horˇava-Lifshitz
gravity [18]. This construction was motivated by the
observation that the insertion of higher-order deriva-
tive terms in the Einstein-Hilbert Lagrangian estab-
lishes renormalizability, since the graviton propaga-
tor at high energies is modified [19, 20]. Neverthe-
less, this leads to a severe problem, since the equa-
tions of motion involve higher-order time derivatives
and hence the theory includes ghosts. However,
since it is the higher spatial derivatives that im-
prove renormalizability while it is the higher time
derivatives that lead to ghosts, one could think of
constructing a theory that would allow for the inclu-
2sion of higher spatial derivatives only. Indeed, this
is what it is achieved in Horˇava-Lifshitz theory [18],
and since higher spatial derivatives are not accom-
panied by higher time ones, in the UV the theory
exhibits power-counting renormalizability but still
without ghosts. Such a theory definitely violates
Lorentz invariance, however it presents GR as an
Infra-Red fixed point, where Lorentz invariance is
restored. Application of Horˇava-Lifshitz gravity in a
cosmological framework leads to very interesting be-
havior in agreement with observations [21]. Finally,
one can proceed further by construction extensions
such as F (R) Horˇava-Lifshitz gravity [22], since in
such scenarios one can obtain a unified mechanism
for the early-time inflation and the late-time accel-
eration [23].
From the above discussion we deduce that it is
worthy to examine the realization of ESU and of
the emergent universe scenario in the framework of
Horˇava-Lifshitz gravity and its extensions. The sta-
bility issues of the ESU in the framework of an IR
modification of Horˇava-Lifshitz gravity, representing
a soft breaking of the so-called “detailed balance
condition”, against linear homogeneous scalar per-
turbations, was explored in [24]. As it is shown,
there exists a large class of stable solutions, for
large regions of barotropic equation-of-state param-
eter and model parameters, however the possibility
for a transition to the inflationary era is ambigu-
ous. Additionally, in the context of original Horˇava-
Lifshitz gravity such a study was performed in [25],
where it was shown that a stable ESU can be realized
in the presence of a negative cosmological constant,
however although the Big Bang singularity can be
avoided the transition from this stable state to the
inflationary era is impossible. On the other hand,
in the case of the generalized version of Horˇava-
Lifshitz gravity [26], it was shown that if the cos-
mic scale factor satisfies certain conditions initially
and if the equation-of-state parameter approaches a
critical value, the corresponding stable critical point
coincides with the unstable one, and consequently a
phase transition to the inflationary era can be pro-
vided [25].
In the present work we are interested in studying
the emergent universe scenario in the framework of a
Horˇava-Lifshitz-like F (R) gravity, and in particular
in investigating the realization and stability of the
Einstein static universe and the possibility of the
phase transition to the inflationary era. The plan
of the manuscript is the following: In section II, we
briefly review Horˇava-Lifshitz-like F (R) gravity and
we apply it in a cosmological framework. In section
III, we perform a dynamical analysis in the phase
space, while in section IV, we extract the conditions
under which the scenario at hand is stable against
scalar perturbations. Finally, section V is devoted
to discussion and conclusions.
II. HORˇAVA-LIFSHITZ-LIKE F (R)
GRAVITY AND COSMOLOGY
In this section we review the F (R) Horˇava-Lifshitz
theory [22] (see also [23, 27, 28]). In this construc-
tion one starts from the usual Horˇava-Lifshitz grav-
ity [18] and adds the F (R) sector [29], namely one
replaces the Ricci scalar R by arbitrary functions of
it.
We start by using the Arnowitt-Deser-Misner
(ADM) formalism in a (3+1) space-time [30], writ-
ing the metric as
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (1)
with i, j = 1, 2, 3, where N , N i and hij are respec-
tively the lapse function, the shift function and the
metric of three-dimensional spatial hypersurface Σt.
In the framework of standard F (R) gravity, the mod-
ified action is [23]
SF (R) =
∫
d4x
√−g F (R), (2)
with
√−g =
√
hN , where F (R) denotes an arbitrary
function of the scalar curvature R. This is given by
R = R(3)+KijKij−K2+2∇µ(nµ∇νnν−nν∇νnµ) ,
(3)
where R(3), Kij and n
µ are the three-dimensional
scalar curvature, extrinsic curvature and a unit vec-
tor perpendicular to the three-dimensional spacelike
hypersurface Σt, respectively. The term R
(3) is an
object associated with the spatial metric hij of the
hypersurface, and Kij is defined as
Kij =
1
2N
( ˙hij −∇(3)i Nj −∇(3)j Ni) . (4)
Hence, one can now write down the action of F (R)
Horˇava-Lifshitz gravity as [23, 27]
SF (R˜) =
∫
dtd3x
√
hN F (R˜) , (5)
with the extended scalar curvature R˜ given by
R˜ ≡ KijKij − λK2 + 2µ∇µ(nµ∇νnν − nν∇νnµ)
−EijGijklEkl . (6)
In the above expression the running dimensionless
constant λ appears due to the “super-metric”, de-
fined on the hypersurface Σt as
Gijkl = 1
2
(
hikhjl + hilhjk
)− λhijhkl , (7)
while Ekl has been inserted in order to embed
the satisfaction of the “detailed balance condition”,
which is defined by an action W [hkl] on Σt as
δW [hkl]
δhij
=
√
hEij . (8)
3The detailed balance condition was inspired by the
condensed matter physics [31] and it implies that
the potential term in the Lagrangian of a D + 1
dimensional theory is derivable from the variation
of the D dimensional action [18]. In particular,
while the shift variables N i(t,x) and spatial metric
hij(t,x) are function of both space and time,
the lapse variable is assumed to be a function of
time only, namely N = N(t), an assumption com-
patible with the foliation preserving diffeomorphism.
In the initial formulation of F (R) Horˇava-Lifshitz
gravity [22, 27] Kluson focused on a Lagrangian of
a new class of F (R) gravity theories with respect to
the projectability condition, namely
L = N√g
[
2KijGijklKkl
F ′(A)κ2
− κ2F (A)
]
, (9)
where F (A) is an arbitrary function of the auxiliary
field A, which is a function of Kij and gij , namely
A =
(
EijGijklEkl + 4κ−4KijGijklKkl
1− 4κ−4KijGijklKkl
)
. (10)
By setting the typical function F (A) =
√
1 +A− 1,
the corresponding action S =
∫
dtd3xL reads as
S = −κ2
∫
dtd3x
√
hN
{√
1 +
1
4
EijGijklEkl
·
√
1− 4
κ4
(KijKij − λK2)− 1
}
+ Sm, (11)
with κ2 ≡ 32Gpic the gravitational constant, set for
simplicity to 1 in the following. In the above action
we have also considered the matter sector charac-
terized by Sm. Additionally, one could extend this
action in a non-projectable version [27]. We mention
that the scenario of action (11) is invariant under the
foliation preserving diffeomorphism and not under
the full D + 1 diffeomorphism, which is in contrast
to the usual F (R) gravity theories.
The linearized version of the action (11) writes as
S =
∫
dtd3xN
√
g
[
2
κ2
(KijK
ij − λK2)
−κ
2
8
EijGijklEkl
]
, (12)
which as expected reproduces the original Horˇava-
Lifshitz action. On the other hand, note that by
choosing λ = µ = 1 in (6), one obtains the usual
F (R) gravity. Therefore, the non-linear action (11)
is a form of Horˇava-Lifshitz-like F (R) gravity (see
[22, 23, 27]). More precisely, the Lagrangian density
of the action (11) is not of the exact F (R) form with
any modified scalar curvature expression. Instead, it
belongs to a class of models where the Lagrangian
depends on the kinetic term KijGijklKkl and the
potential term EijGijklEkl in a different way, and
not only on the sum of the kinetic and the potential
terms, as in the modified scalar curvature (6) (note
that such more general modified Horˇava-Lifshitz the-
ories, where the Lagrangian can depend on the ki-
netic and potential terms independently, have also
been considered in [23]).
In order to apply the above theory in a cosmologi-
cal framework, that is in order to construct Horˇava-
Lifshitz-like F (R) cosmology, we impose an FRW
metric on the 3-hypersurface Σt, namely
hijdx
idxj = a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
,
(13)
where a(t) is the scale factor and with k = −1, 0 and
1 corresponding to open, flat and closed universe, re-
spectively. Furthermore, concerning the matter con-
tent of the universe, we consider it to be a perfect
fluid with energy-momentum tensor in co-moving co-
ordinates given by
Tµν = (ρ+ p)uµuν + pgµν , (14)
where uα = δ
0
α is the four-velocity vector of the fluid,
and ρ and p are the energy density and isotropic
pressure, respectively. Under these assumptions, the
field equations derived from action (11) give rise to
the Friedmann equations, which write as [32]:
H2 =
1
6(3λ− 1)(1− ρ)2
[
ρ−
1
2
ρ2 + 6Λw −
12k
a2
+
6k2
Λwa4
]
,
(15)
H˙ =
1
4(3λ − 1)(1− ρ)2
[
(ρ+ p)(ρ− 1) +
8k
a2
+
8k2
|Λw |a4
]
−3(ρ+ p)H2(1− ρ)−1. (16)
The parameter Λω is the effective cosmological
constant, which similarly to the original version of
Horˇava-Lifshitz model must be negative for the run-
ning coupling parameter λ > 13 . We mention that
the above equations include a negative energy den-
sity squared term ρ2, which can have a significant
role for the early stage of the universe. Techni-
cally speaking, the presence of ρ2 term in the above
Friedmann equations is a direct upshot of nonlin-
ear dependence to matter source in this modified
gravity theory in the early universe. A detailed dis-
cussion on this subject is presented in [32]. Finally,
let us point out that the value of λ is commonly
divided into two ranges, namely 0 < λ < 13 and
λ > 13 . However, phenomenological studies analyz-
ing the observational data suggest that the value of
λ is constrained in a narrow range around λ = 1,
i.e. |λ−1| . 0.02 [33], which was expected since GR
is obtained for λ = 1. Hence, in the following we
restrict our analysis in the regime λ > 13 .
4The cosmological application of Horˇava-Lifshitz-
like F (R) gravity proves to have many interesting
features [23]. Amongst others it can provide a uni-
fied mechanism for the description of both the early-
time inflation and the late-time acceleration, or al-
ternatively it can give rise to bouncing solutions [32]
that can cure the initial-singularity problem. Hence,
it would be interesting to study if one can naturally
obtain a stable Einstein static universe in such a the-
ory. We mention that, as it is well-known, the ver-
sions of Horˇava-Lifshitz gravity with the projectabil-
ity condition suffer from the strong-coupling prob-
lem [34]. Although this can be alleviated by going
beyond the projectability condition [35], the corre-
sponding F (R) extension would be too difficult to
allow for an analytical investigation of the emergent
universe scenario. Hence, in the present work we
consider the Horˇava-Lifshitz-like F (R) gravity with
the detailed balance and projectability condition as
a first approach on the background cosmological evo-
lution, having in mind that the investigation of the
full theory is necessary as a next step.
III. DYNAMICAL ANALYSIS OF EINSTEIN
STATIC UNIVERSE
In this section we intend to perform a phase-space
analysis, investigating non-flat Horˇava-Lifshitz-like
F (R) cosmology as a first-order cosmological dy-
namical system. This study will show whether the
Einstein static universe (ESU) corresponds to a solu-
tion in which the universe can remain for very large
time intervals. If this is not the case, then the real-
ization of ESU will be highly improbable without a
fine tuning of the initial conditions.
Using Taylor expansion in terms of ρ
κ2
(note that
we have set κ2 = 1), the first and second Friedmann
equations (15),(16) can be rewritten as
H2 =
1
6(3λ− 1)
[
ρ− 5
2
ρ2 + 3Λw(ρ
2 − ρ+ 1)
+6
(
k2
Λwa4
− 2k
a2
)
(3ρ2 − 2ρ+ 1)
]
+O(ρ3),(17)
and
H˙ =
1
4(3λ− 1)
[
(ω + 1)ρ(3ρ− 1)
+8
(
k
a2
+
k2
|Λw|a4
)
(3ρ2 − 2ρ+ 1)
]
−3(ω + 1)ρ(1 + ρ)H2 +O(ρ3) , (18)
where we have neglected terms of the order ρ3 and
beyond. This means that only terms up to contri-
bution of dark radiations, i.e a−4, are kept. Also it
is easy to check that in the leading order approx-
imation, these reproduce the Friedmann equations
in standard Horˇava-Lifshitz gravity model. Addi-
tionally, in the above expressions we have consid-
ered the matter fluid to correspond to the standard
barotropic one, with equation of state of the form
p = ωρ.
Let us now focus on the ESU. This is described by
a = a0 and ρ = ρ0, and hence the above Friedmann
equations become
1
6(3λ− 1)
[
ρ0 − 5
2
ρ20 + 3Λw(ρ
2
0 − ρ0 + 1)
+6
(
k2
Λwa40
− 2k
a20
)
(3ρ20 − 2ρ0 + 1)
]
= 0, (19)
1
4(3λ− 1)
[
(ω + 1)ρ0(3ρ0 − 1)
+8
(
k
a20
+
k2
|Λw|a40
)
(3ρ20 − 2ρ0 + 1)
]
= 0. (20)
For the case of spatially closed universe, i.e. for
k = +1, equation (20) has two roots, namely
(
1
a20
)
1,2
=
|Λw|
2
(
−1±
√
1− g(ω)|Λw|g0
)
, (21)
with g(ω) and g0 defined as
g(ω) ≡ (3ρ20 − ρ0)
(
ω + 1
)
g0 ≡ (6ρ20 − 4ρ0 + 2) . (22)
These two solutions correspond to two critical
points. As we can straightforwardly see, for any
barotropic parameter ω apart from ω = −1, namely
apart from a simple cosmological constant, both so-
lutions (21) become unphysical since they lead to(
1
a2
0
)
1,2
< 0. Similarly, for ω = −1 the two critical
points (21) become(
1
a20
)
1
= 0,
(
1
a20
)
2
= −|Λw| , (23)
which are both unphysical. Hence, none of these
critical points signals the presence of an ESU in
closed geometry, and thus they do not deserve fur-
ther investigation.
For the case of open universe, i.e. for k = −1,
equation (20) has two roots, namely
(
1
a20
)
1,2
=
|Λw|
2
(
1±
√
1− g(ω)|Λw|g0
)
, (24)
where
g(ω) ≡ (3ρ20 − ρ0)
(
ω + 1
)
g0 ≡ −(6ρ20 − 4ρ0 + 2) . (25)
5Equation (24) will result in two real solutions pro-
vided that
3
[
(ω + 1) + 2|Λw|
]
ρ20
+
[
9(ω + 1) + 4|Λw|
]
ρ0 + 2|Λw| ≥ 0 . (26)
For the case ω = −1 the above inequality holds for
any value of ρ0 > 0 and |Λw|, and thus we obtain
two critical points, namely(
1
a20
)
1
= 0,
(
1
a20
)
2
= |Λw| , (27)
and thus only the latter is physical. By replacing it
into (19) we obtain the corresponding energy density
as
(ρ0)2=
39|Λw| − 1
104|Λw| − 5
[
1±
√
1− (4788|Λw| − 210)
(1 − 39|Λw|)2
]
.
(28)
Both of them are physically acceptable (i.e. (ρ0)2 >
0) with the condition
|Λw| > 3 , (29)
however, and in order to be consistent with the ex-
pansion in terms of powers of ρ in the background
dynamic equations (17) and (18), we keep only the
minus branch of (28). On the other hand, for ω < −1
and ω > −1, by requiring the physical condition
ρ0 > 0, we obtain the following bounds on the value
of |Λw|, namely
− ω + 1
2
< |Λw| < −(ω + 1) , (30)
and
0 < |Λw| < 5(ω + 1)
2
, (31)
respectively, along with the common lower bound on
the value of ρ0:
ρ0 ≥ 1
6(2|Λw|+ ω + 1) {−9(ω + 1) + 4|Λw|
+
√
81(ω + 1)2 + 48|Λw|(ω + 1)− 32|Λw|2
}
.(32)
Hence, in summary, both solutions of (24) are phys-
ical when the constraints (30)-(32) are fulfilled. Fi-
nally, by inserting the solutions (24) into equation
(19) we acquire(
30|Λw|+ 3ω + 1
2
)
ρ20 −
(
21|Λw|+ ω
)
ρ0
+12|Λw| ± 9
2
√
|Λw|2g20 − |Λw|g0g(ω) = 0, (33)
|Λw | =
1
40
|Λw | =
1
60
|Λw| =
1
80
|Λw | =
1
100
ω = −2/3 0.423 0.413 0.407 0.404
ω = 0 0.407 0.403 0.402 0.404
ω = 1/3 0.404 0.403 0.408 0.417
TABLE I: The physical values of ρ0 arising numerically
from (33), for the negative-sign branch, for various values
of ω and Λw .
the solution of which will provide the corresponding
ρ0 for each solution. Since analytical solutions are
impossible, we solve (33) numerically and in Table
I we present the real and positive results for some
representative values of Λw. Note that we focus on
the negative-sign branch, since only this branch is
consistent with −1 < ω ≤ 1/3. Hence, we deduce
that from the two static solutions in (24), only the
positive-branch is compatible with −1 < ω ≤ 1/3,
namely(
1
a20
)
2
=
|Λw|
2
(
1 +
√
1− g(ω)|Λw|g0
)
. (34)
In order to study the stability of this critical point,
inspired by the first-order dynamical system ap-
proach [36, 37], we consider the following two auxil-
iary variables
y1 = a, y2 = a˙, (35)
which obey the following equations:
y˙1 = y2 = f1(y1, y2), (36)
y˙2 =
1
4(3λ− 1)
{
(ω + 1)ρ(3ρ− 1)y1
+8
(
3ρ2 − 2ρ+ 1)( k
y1
+
k2
y31 |Λw|
)}
+
[
1− 3(ω + 1)ρ(ρ+ 1)
]y22
y1
= f2(y1, y2). (37)
As usual, by deriving the eigenvalues square ϑ2 of
the Jacobian matrix
J
(
f1(y1, y2), f2(y1, y2)
)
=
(
∂f1
∂y1
∂f1
∂y2
∂f2
∂y1
∂f2
∂y2
)
, (38)
one can deduce on the stability of the critical points.
If ϑ2 < 0 then the corresponding critical point can
be interpreted as a stable center point. Since, as it
was mentioned above, for the closed universe there
is not a physically accepted static solution, in the
following we focus on the open case.
In the case of ω = −1, after a simple calculation
we acquire:
Critical point
(
1
a20
)
2
= |Λw|,
=⇒ ϑ2 = (− 12ρ20 + 8ρ0 − 4) |Λw|(3λ− 1) , (39)
6and thus it implies the stability of ESU corre-
sponding to the physical critical point (y1, 0), since
ϑ2|(ρ0)2 < 0. In order to see this feature more trans-
parently, in the upper graph of Fig. 1 we depict
the phase-space behavior for the open geometry for
ω = −1. Additionally, in order to verify the stabil-
ity of the ESU in an alternative way, we add a small
deviation to the scale-factor value ( 1
a2
0
)2 = |Λw| and
in the lower graph of Fig. 1 we depict its evolution,
as it arises numerically from (36). As we observe the
universe exhibits small oscillations around the scale-
factor value of the ESU, without deviating from it,
as expected.
-4 -2 0 2 4
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FIG. 1: The phase diagram in (a, a˙) or (y1, y2) space
(upper graph) and the evolution of the scale factor in
terms of time (lower graph) for the spatially open cos-
mology, with equation-of-state parameter ω = −1. We
have set λ = 1 and |Λw | = 5, while for ρ0 we have used
the values obtained numerically from the negative-sign
branch of (28), namely ρ0 = 0.148.
In the case of ω 6= −1, we acquire:
ϑ2 =
1
4(3λ− 1)
[
(ω + 1)(3ρ20 − ρ0)
+8
(
3ρ20 − 2ρ0 + 2
)(
1
a20
− 3|Λw|a40
)]
, (40)
with a0 given in (34) and ρ0 arising from (33), i.e
from Table I. In Table II we provide the correspond-
ing values of ϑ2. As we observe, ϑ2 < 0 for all values
of |Λw|,ω and (a0, ρ0) consistent with 0 ≤ ρ0 < 1
and −1 < ω ≤ 1/3, and thus we deduce that the
|Λw| =
1
40
|Λw| =
1
60
|Λw | =
1
80
|Λw | =
1
100
ω = − 2
3
ϑ2 = −0.37 ϑ2 = −0.32 ϑ2 = −0.3 ϑ2 − 0.28
ω = 0 ϑ2 = −0.86 ϑ2 = −0.82 ϑ2 = −0.78 ϑ2 = −0.76
ω = 1
3
ϑ2 = −1.1 ϑ2 = −1.06 ϑ2 = −1.01 ϑ2 = −0.98
TABLE II: The eigenvalues corresponding to the ESU
critical points (a0, ρ0) obtained from (34) and the values
of ρ0 given in Table I, for λ = 1.
ESU is stable. However, although a stable ESU is
easily realized, in order to obtain a full realization
of the emergent universe scenario we need an addi-
tional mechanism that could make the universe de-
viate from ESU after a large time interval, and en-
ter into the usual expanding thermal history. This
would be possible only in the presence of an exotic
matter sector, with equation-of-state parameter out-
side the range −1 < ω ≤ 1/3.
IV. SCALAR PERTURBATIONS AND
STABILITY CONDITIONS
In this section we perform an analysis of the scalar
perturbations in Horˇava-Lifshitz-like F (R) gravity
in a cosmological framework. In particular, we de-
sire to extract conditions under which the scenario at
hand is free of perturbative instabilities, and hence
physical1. In order to achieve this, we linearly per-
turb equations (17) and (18) around the static states
(19) and (20). Applying the following perturbations
in the scale factor and matter density:
a(t)→ a0(1 + δa(t)),
ρ(t)→ ρ0(1 + δρ(t)) , (41)
linearizing using
(1 + δa(t))n ≃ 1 + nδa(t),
(1 + δρ(t))n ≃ 1 + nδρ(t), (42)
and imposing the background Friedmann equation
(19) in order to eliminate background quantities, we
1 Note that stability in this section is used in a different sense
than that of dynamical system framework, as in the previ-
ous section. In particular, in dynamical system analysis an
unstable solution is one that cannot attract the universe,
however it is completely physical. On the other hand, in
perturbation analysis, a solution with perturbative insta-
bilities implies that it is ill-behaved and not physical.
7obtain
ρ0δρ(t)
{
1− 5ρ0 + 6Λw(ρ0 − 1)
+12
(2k
a20
− k
2
Λwa40
)
(1− 3ρ0)
}
=
−δa(t)
{
24
( k
a20
− k
2
Λwa40
)
(1 − 2ρ0 + 3ρ20)
}
. (43)
Similarly, perturbing equation (18), linearizing, and
imposing (19) in order to eliminate background
quantities, we acquire
δa¨ =
1
4(3λ− 1)
{
ρ0δρ
[
(ω + 1)(2ρ0 − 1)
+
8k
a20
ρ0(1 + ω)− 16
( k
a20
+
k2
|Λw|a40
)
(1− 3ρ0)
]
−δa
[
16
( k
a20
+
2k2
|Λw|a20
)
(1 − 2ρ0 + 3ρ20)
]}
. (44)
Thus, using (43) in order to find ρ0δρ in terms of
δa, and substituting into (44), leads to the following
differential equation:
δa¨− (A×B × C −D)
(3λ− 1) δa = 0 , (45)
where we have defined
A ≡ −(6ρ0Λω + ρ0 + 1) + 24k
a20
(1 + 3ρ20)
− 12k
2
Λwa40
(1− 3ρ0) + 36
(
Λω − 4k
a20
+
2k2
Λwa40
)2
+
(
5− 6Λω + 72k
a20
− 36k
2
a20
)
ρ0
·
(
ρ0 − 12Λω + 48k
a20
− 24k
2
Λwa40
)
, (46)
B ≡ 2
(
k
a20
− k
2
|Λw|a40
)
(1− 2ρ0 + 3ρ20), (47)
C ≡ 3(1+ω)(2ρ0−1)−48
(
k
a20
+
k2
|Λw|a40
)
(1−3ρ0),
(48)
and
D ≡ −4
(
k
a20
+
2k2
|Λw|a40
)
(1 − 2ρ0 + 3ρ20). (49)
Hence, from the differential equation (45) we deduce
that in order to have a stable ESU against scalar
perturbations in the framework of Horˇava-Lifshitz-
like F (R) gravity, the following condition must be
satisfied:
(A×B × C −D)
3λ− 1 < 0 . (50)
As usual, the instabilities-absence condition (50)
must be applied in the background solutions of the
model, extracted in the previous section. Since we
are dealing with Einstein static universe, these solu-
tions were characterized only by a0, ρ0, k, with ω and
Λw the model parameters, and were summarized in
expressions (27), (28), (34) and Table I. Since in the
case of a closed universe ESU was not realized, we
focus on the case of open geometry. For the case
ω = −1, by setting the background configuration
(a0, ρ0) from equations (27) and (28), subject to the
constraint (29), and substituting them into equa-
tions (46)-(49), we immediately find that inequality
(50) holds. Similarly, in the case ω 6= −1, substi-
tuting the values of a0 and ρ0 from (34) and Table
I into (46)-(49) we deduce that inequality (50) is
satisfied too. Hence, in summary, we can see that
the ESU obtained in the precious section is free of
perturbative instabilities.
V. REMARKS AND CONCLUSIONS
In this work we performed an investigation of the
Einstein static universe (ESU) in the framework of
Horˇava-Lifshitz-like F (R) gravity. Such a gravita-
tional modification is obtained by employing higher-
order R-terms, keeping both the detailed balance
and projectability conditions, and although contrary
to the usual F (R) gravity it is not full D+ 1 diffeo-
morphism invariant, in the limit of linear approxi-
mation it recovers the usual Horˇava-Lifshitz coun-
terpart. Hence, we were interested in examining
whether the cosmological application of this theory
allows for the realization of ESU, which is the ba-
sic concept in the realization of the emergent uni-
verse scenario. If this is the case, then the initial-
singularity problem of standard Big-Bag cosmology
can be alleviated.
As a first step we performed a dynamical analysis
of Horˇava-Lifshitz-like F (R) cosmology in the phase
space. We showed that in the case of closed geom-
etry there is no stable physically meaningful ESU,
while in the case of open geometry the ESU can be
an attractor in the presence of both exotic and usual
matter. However, the most physically interesting re-
sult was that in the case of open geometry ESU is
stable and thus it can be realized. Nevertheless, in
order to obtain a full realization of the emergent
universe scenario we need an additional mechanism
that could make the universe deviate from ESU af-
ter a large time interval, and enter into the usual
expanding thermal history, which can be obtained
only through an exotic matter sector with uncon-
ventional equation-of-state parameter.
As a second step we examined the behavior of
ESU under scalar perturbations, desiring to extract
the conditions under which the scenario at hand is
8free of perturbative instabilities such as ghosts or
Laplacian instabilities. Our analysis showed that the
background ESU solutions are free of perturbative
instabilities.
The above results imply that ESU can be safely re-
alized in the framework of Horˇava-Lifshitz-like F (R)
cosmology, however the emergent universe scenario
is not straightforward in such a gravitational modi-
fication, since an exotic form of matter is required.
Hence, within the same theory we have both a cos-
mological advantage, namely that we alleviate the
initial-singularity problem, as well as a theoretical
advantage, namely that the underlying theory has an
improved renormalizable behavior in the UV. These
features make the above construction a good candi-
date for the description of Nature, that is worthy to
be investigated further.
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